By energy estimates and by establishing a local (PS) condition, we obtain the multiplicity of solutions to a class of Brezis-Nirenberg-type problem with singular coefficients via minimax methods and the Krasnoselskii genus theory.
Introduction and main results
This paper is concerned with multiple solutions for the semilinear Brezis-Nirenberg-type problem with singular coefficients -div( 
where ⊂ R n is a bounded smooth domain, and  ∈ , -∞ < a < The starting point of the variational approach to the problem is the Caffarelli-KohnNirenberg inequality (see [] ): There is a constant C a,b >  such that From the boundedness of and the standard approximation arguments, it is easy to see that () holds for any u ∈ D , a ( ) in the sense:
is continuous, where L r ( , |x| -α ) is the weighted L r space with the norm
a ( ), we can define the energy functional
. Furthermore, the critical points of J are weak solutions of problem ().
Breiz-Nirenberg-type problems have been generalized to many situations such as The purpose of this paper is to study the multiplicity of solutions for the BreizNirenberg-type problem () with the aid of a minimax method. We obtain multiple nontrivial solutions of () by proving the local (PS) condition and energy estimates.
Our main results are the following. 
Preliminary results

Lemma . [] Suppose that ⊂ R n is an open bounded domain with C  boundary and
, and M(R n ) be the space of bounded measures http://www.boundaryvalueproblems.com/content/2012/1/137
Then there are the following statements: () There exists some at most countable set I, a family {x
and a family {ν (i) : i ∈ I} of positive numbers such that
where δ x is the Dirac-mass of mass  concentrated at x ∈ R n .
() The following inequality holds
where S := inf u∈D
to be the best embedding constants, and
In particular, i∈I (ν
Proof () The boundedness of (PS) c sequence. For {u n } is a (PS) c sequence, then
So, we get
We have the boundedness of {u n } for  < q < , then there exists a subsequence, we still denote it by {u n }, such that
From the concentration compactness principle, there exist nonnegative measures μ, ν and a countable family {x i } ⊂ such that
a ( ), we may suppose, without loss of generality, that there
On the other hand, |u n |  * - u n is also bounded in L  * ( , |x| - * b ) and
taking n → ∞ in (), we have
for any ϕ ∈ D , a ( ). Let ϕ = ψu n in (), where ψ ∈ C( ), then it follows that
Taking n → ∞ in (), we have
Let ϕ = ψu in (), then it follows that
Thus, it implies that
which implies that
On the other hand,
However, if β >  is given, we can choose λ  >  so small that for every  < λ < λ  , the last term on the right-hand side above is greater than , which is a contradiction. Similarly, if http://www.boundaryvalueproblems.com/content/2012/1/137 λ >  is given, we can take β  >  so small that for every  < β < β  , the last term on the right-hand side above is greater than . Then ν i =  for each i.
Up to now, we have shown that
So, by the Breiz-Lieb lemma,
Existence of infinitely many solutions
In this section, we use the minimax procedure to prove the existence of infinitely many solutions. Let be the class of subsets of D , a ( ) \ {}, which are closed and symmetric with respect to the origin. For A ∈ , we define the genus γ (A) by
Assume that  < q < , then we obtain
Then, given β > , there exists λ  >  so small that for every  < λ < λ  , there exists
given λ > , we can choose β  >  with the property that T  , T  as above exist for each  < β < β  . Clearly, h(T  ) = h(T  ) = . Following the same idea as in [-], we consider the truncated functional 
γ (A) ≥ m} and let With Lemma . to Lemma ., we have proved Theorem ..
